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a b s t r a c t

Atomic level simulation methods are used to determine the thermal conductivity of magnesium oxide,
MgO, and pyrochlore structured neodymium zirconate, Nd2Zr2O7, (NDZ), two potential constituents of
inert-matrix fuel systems. A simple anharmonicity analysis correctly predicts that the simulated and
experimental values of the thermal conductivity of MgO should be in good agreement, as we explicitly
demonstrate. Likewise, they correctly predict significantly that a large correction is needed to bring con-
sistency between the experimental and simulated thermal conductivities for NDZ. Simulations of the
thermal conductivity of fine-grained polycrystals of both materials yield estimates of the temperature
dependence of the interfacial conductance and of the grain-size dependence of the thermal conductivity.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

Most current nuclear fuels consist mainly of UO2; as such they
pose both an environmental and proliferation threat [1]. Under
neutron irradiation, 235U undergoes fission, releasing energy and
neutrons, while 238U goes through a series of reactions, generating
Pu and other radioactive materials, including Np, and Am. Due to
the production of Pu from 238U, the environmental and prolifera-
tion threat of spent fuel is greater than that of fresh fuel. Moreover,
other by-products also pose a threat to the environment by being
radioactive with very long half-lives.

These problems can possibly be abated by replacing UO2 with
an inert matrix fuel (IMF). An IMF consists of a matrix made from
a conventional, non-nuclear ceramic that is transparent to neu-
trons, into which fissile 239Pu is incorporated. The key feature of
the IMF concept is that by eliminating the UO2, plutonium breed-
ing is also eliminated. Estimates have shown that at least 90% of
the Pu will be transmuted when used as a fissile phase, thereby
greatly reducing the radiotoxic waste compared to that generated
by mixed oxide fuel (MOX) [2]. Candidate inert matrices for IMF
systems include silicon carbide and zirconia [3]. Magnesium oxide
(MgO), see Fig. 1(i), has many desirable properties as a potential
IMF material, including high thermal conductivity; however, it suf-
fers from the problem of being soluble in water, particularly at high
temperatures. By contrast, pyrochlore structured materials (see
ll rights reserved.
Fig. 1(ii)) are insoluble in water and radiation resistant. The key
obstacle to their serious consideration, however, is that their ther-
mal conductivities are significantly lower than that of UO2 [4–8].

Medvedev and coworkers [9] proposed an MgO–ZrO2 cercer as a
potential IMF; inspired by their results, Yates et al. [10] suggested
MgO-NDZ as another potential IMF. The selection of this specific
pyrochlore composition (NDZ) is based in part on insights obtained
from atomic-level simulations. In particular, Sickafus et al. [11]
used atomic-level simulation methods to characterize the radia-
tion tolerance of a wide range of pyrochlores (A2B2O7). They found
that the radiation tolerance increases significantly as the B ion ra-
dius increases. By contrast, Schelling et al. [8] found that the ther-
mal conductivity increases as the B cation radius decreases.
Combining these two results with the requirement of a low cross
section for the capture of neutrons, neodymium zirconate,
Nd2Zr2O7 (NDZ) is identified as a suitable candidate pyrochlore
material.

This MgO-NDZ cercer system is intended to combine the desir-
able features of its constituents: good radiation resistance, insolu-
bility in water, and high thermal conductivity. In their study, Yates
et al. [10] found that the microstructure obtained for the same
composition of MgO-NDZ cercer depends on processing methods
and parameters used; moreover, these different microstructures
exhibited different properties. For example, magnetic stirring pro-
duced a continuous NDZ phase with agglomerates of MgO; this
microstructure exhibited a higher thermal conductivity than the
cercer produced by ball milling, which was homogeneous at the
microstructural level, with no agglomeration of either phase.
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Fig. 1. Schematic of (i) unit cell of MgO, (ii) 1/8th unit cell of NDZ; the other seven octants of the unit cell can be constructed by rotations of the unit shown here (atoms are
differentiated by size and colors). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 2. Temperature dependence of the lattice parameter of MgO from simulation
(solid circle) and experiment (open circle) [14].
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Building on the ongoing experimental studies on these cercer
oxide IM compounds, here we use atomistic simulation methods
to characterize the thermal transport properties of MgO and NDZ,
the two constituents of the MgO-NDZ cercer. We also determine
the thermal conductivity of MgO polycrystals and NDZ polycrystals
with grain sizes in the sub 10 nm range, from which we estimate
the grain size dependence of the thermal conductivity of larger
grain size polycrystals.

2. Thermal expansion of MgO and NDZ

Molecular-dynamics (MD) simulation is the method of choice
for the simulation of the thermodynamic and thermal-transport
properties of electrical insulators, in which phonons are the main
heat carriers. Because the long-ranged interatomic interactions in
MgO and NDZ are largely ionic in nature, they can be described
in MD by the Coulomb electrostatic forces. To capture the partially
covalent nature of bonding in MgO and NDZ, the ions are assigned
partial charges of qNd = 2.55, qZr = 3.4, qMg = 1.7 and qO = �1.7. For
computational efficiency the Coulomb energies and forces are cal-
culated by the direct sum method [12] rather than the traditional,
but slower, Ewald method.

The short-ranged repulsive interactions associated with the
overlap of the valence electrons and nuclei are described by the
Buckingham potential, which has the form:

uij ¼ Aijexp �rij=q
� �

� Cij

r6
ij

; ð1Þ

with parameters A, q and C given in Table 1. The NDZ parameters
are taken from Minervini et al. [13] The Mg-O parameters were
determined for this study by Professor Robin Grimes, and specifi-
cally designed to be compatible with the NDZ parameters, thereby
allowing the simulation of MgO-NDZ cercers, the subject of on-
going work.

The interatomic potentials are fitted to the experimental lattice
parameters at room-temperature for MgO and NDZ. As a first
assessment of the fidelity of these methods for the description of
the thermodynamic properties of these materials, we have deter-
mined their thermal expansions. The simulation cell consists of
6 � 6 � 6 cubic unit cells for MgO (a total of 1728 ions) and
Table 1
Buckingham potential parameters for MgO and NDZ

Species A (eV) q (Å) C (eV Å6) Reference

O1.7�–O1.7� 35686.18 0.201 32.0
Nd2.55+–O1.7� 2148.14 0.3227 22.59 [13]
Mg1.7+–O1.7� 929.69 0.29909 0.0
Zr3.4+–O1.7� 1402.57 0.3312 5.1 [13]
4 � 4 � 4 unit cells for NDZ (a total of 5632 ions), respectively.
The lattice parameters of MgO and NDZ were determined as a func-
tion of temperature. As can be seen from Figs. 2 and 3, the lattice
parameters predicted by the simulation are in quite good agree-
ment with the experimental values [6,14]. As another measure of
materials fidelity, we can compare the linear thermal expansion
coefficients, a, extracted from these data, for the temperature
range T = 300–1500 K. For MgO the simulated thermal expansion
coefficient of 12.4 � 10�6 K�1 is 95% of the experimental value of
13.1 � 10�6 K�1 [15]. The agreement for NDZ is less good with
the simulated value of the thermal expansion (7.3 � 10�6 K�1)
being only 77% of the experimental value of 9.5 � 10�6 K�1 [6].
Such levels of agreement are typical of empirical potentials for
oxide materials [8,16,17].
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Fig. 3. Temperature dependence of the lattice parameter of NDZ from simulation
(solid circle) and experiment (open circle) [6].
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These differences between the simulated and experimental val-
ues provide valuable information on the nature of the interatomic
interactions. As is well known, the thermal expansion arises from
the asymmetry in the interaction potential, i.e., from the anharmo-
nicity in the interatomic interactions. An elementary analysis gives
the Grüneisen relation for the thermal expansion:

a ¼ ccv=3B; ð2Þ

where cv is the specific heat, B is the bulk modulus and c is the
Grüneisen parameter, which is a measure of the anharmonicity of
the material [18]. We thus attribute the reduced values of the sim-
ulated thermal expansions to the interatomic interactions being
insufficiently anharmonic and/or the bulk modulus being too high.

This conclusion has important implications for the thermal
transport properties, because the thermal conductivity is also
determined by the anharmonicity of the interactions. In particular,
in most electrically-insulating materials the dominant scattering
mechanism is phonon–phonon scattering. Such scattering would
be completely absent if all of the interactions were harmonic.
Using a perturbation expansion of the interatomic potential to
third order, thereby including the lowest anharmonic terms, Lieb-
fried and Schloemann showed that the thermal conductivity is in-
versely proportional to the square of the Grüneisen parameter
[19]:

j � 24
10

ffiffiffi
4
p

c2

kB

h

� �3

Mv
h3

T
; ð3Þ

where kB is the Boltzmann constant, h is the Planck constant, v and
M are the volume and the mass per atom. The only two materials
constants that enter into Eq. (3) are the Debye temperature, h,
and the frequency-averaged Grüneisen parameter, c. From this rela-
tion, it is clear that the thermal conductivity decreases with increas-
ing anharmonicity.

Through their dependence on the Grüneisen parameter, we can
derive a simple empirical relationship between the thermal con-
ductivity and thermal expansion [20]:

a2j ¼ vh3C2
v

B
: ð4Þ

The constant v contains all of the non-materials constants in Eqs.
(2) and (3). Table 2 shows that the values of h and Cp for these
potentials for these systems determined using GULP (General Util-
ity lattice Program) [21,22] are very similar to the experimental val-
ues. Moreover, the experimental and calculated values of G ¼ H3C2

p ,
analogous to the combination in Eq. (3) are within 20% in for both
materials. We may therefore merge Cv and HD with other constants
in the equation. Eq. (4) then becomes

j ¼ v0

a2B
; ð5Þ

where v0 ¼ vh3C2
v .

From Eq. (5), we thus predict:

jsim ¼ jexptðaexpt=asimÞ2ðBexpt=BsimÞ: ð6Þ

We have determined the bulk moduli for MgO and NDZ from sim-
ulation for these potentials to be 170 GPa and 167 GPa, respectively,
Table 2
Comparison of Debye and Cp calculated with GULP with experiment

Material h (K) Cp (J/mol K) C

Sim. Exp. Sim. Exp.

MgO 830 946 38.77 34.82 0.83
Nd2Zr2O7 549 489 207.54 232.70 1.13

C = Gsim/Gexpt, where G ¼ H3
DC2

p , analogous to the term in Eq. (4).
at 0 K The corresponding experimental room-temperature values
for single crystals are 155 GPa and 159 GPa, which are quite consis-
tent [23,24].

From these data, Eq. (6) predicts jsim = 1.02 jexpt for MgO and
jsim = 1.61 jexpt for NDZ; that is, our simulations of the thermal
conductivity of MgO should match the experimental results rather
well, while the simulations should significantly overestimate the
thermal conductivity of NDZ. As we shall see in the next section,
this simple analysis provides a systematic method for improving
the quantitative accuracy of our thermal-conductivity simulations.

3. Thermal conductivity of MgO and NDZ

Fourier’s Law states that a heat flux, J, through a material results
in a temperature gradient, dT/dx. The proportionality constant be-
tween the two is the thermal conductivity, j:

J ¼ �j
dT
dx

: ð7Þ

The two most commonly applied methods for computing thermal
conductivity within MD simulations are the ‘direct method’
[25,26] and the ‘Green–Kubo method’ [27–29]. The direct method
is a non-equilibrium method in which a heat current is passed
through the simulation cell, resulting in a temperature gradient,
see Fig. 4; it is thus a direct implementation of Fourier’s Law. In
the Green–Kubo approach the thermal conductivity is determined
from autocorrelations in the heat current of a system in thermody-
namic equilibrium. Direct comparisons on the two methods have
previously been shown to yield identical results within the statisti-
cal errors [12]. Because of its ease of implementation, and its appli-
cability for polycrystalline materials, we use the direct method in
this study.

For the simulations of single crystals, the simulation cell is a
long thin square cylinder with edges parallel to the h001i crystal-
lographic directions. The narrow directions form the x–y (001)
plane; the long direction is along the z [001] axis and is parallel
to thermal gradient. The simulation cell is 4 � 4 unit cells in the
x–y plane, which previous studies indicate is sufficient to obtain
size-independent results [12]. The key determinant of the thermal
conductivity is the mean free path of the phonons before they scat-
ter from each other or components of the microstructure. If the
system-size in the direction of heat flow is smaller than the pho-
non mean free path, then the intrinsic anharmonic properties of
the system will not be probed completely. This regime is known
as the Casimir limit. It is thus no surprise that previous studies
have also shown that the thermal conductivity depends signifi-
cantly on the length of the simulation cell. In a previous study,
we have identified a finite size scaling approach that allows the
intrinsic thermal conductivity of the material to be determined
[12]. This approach, which is based on the inverse additivity of
contributions to the mean free path, yields:

1
j
¼ 1

j1
þ 4P

Lz
; ð8Þ

where j is the thermal conductivity determined from simulation,
j1 is the thermal conductivity in the infinite system-size limit
(i.e., our best estimate of the ‘true’ thermal conductivity of the
material), Lz is the length of the simulation cell and P is a constant.
Eq. (8) thus suggests that a plot of 1/j vs. 1/Lz should be linear, and
that the thermal conductivity of an infinite system can be obtained
by extrapolating to 1/Lz = 0. Fig. 5 shows such analysis for MgO and
NDZ at 573 K. We indeed find the expected linear dependences. By
using above described system size analysis at various temperatures,
we have extracted the temperature dependence of the thermal
conductivity for both MgO and NDZ.
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Finite-size scaling analysis can lead to a significant increase in
the simulated value of thermal conductivity, as is illustrated in
Fig. 5. If only a single simulation had been performed for the short-
est simulation cell (Lz = 15.3 nm for MgO and Lz = 12.80 nm for
NDZ), then the estimated thermal conductivities would be less
than one-fourth of the best estimated value.

Fig. 6 compares the best estimate of the thermal conductivity
determined from simulation and finite-size scaling analysis, with
the experimental data for MgO. The data of Cahill (open circles)
[30] is for a high-quality single crystal thin film, while the poly-
crystalline data (solid triangles) is for coarse-grained polycrystal
[31]. The experimental polycrystalline data is systematically lower
than the experimental data for a single crystal by a small amount.
While physically this is reasonable since the polycrystals contain
grain boundaries, and possibly other defects arising from process-
ing, all of which provide additional scattering mechanisms, this dif-
ference could also be simply statistical in origin [32]. The
simulated data (solid circles) agree very well with the single crystal
experimental data. Had a finite size analysis not been performed,
these values would have been significantly lower and would not
have agreed with the experimental values. That the experimental
and simulated values are in such good agreement provides valida-
tion for the harmonic analysis described in the previous section,
which predicted that they should agree within 2%.

The anharmonicity analysis performed in the previous section
yielded a multiplicative correction factor of 1/1.61 = 0.62 to be
applied to the value of the NDZ thermal conductivity determined
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directly from the simulation. Fig. 7 shows both the uncorrected and
corrected predictions for the thermal conductivity of NDZ. While
the uncorrected values are, as we expect, consistently higher than
the experimental values, the corrected values are much more
consistent with the experimental results.

Thus, the combination of careful simulations, systematic analy-
sis of the effects of the finite size of the simulation cell, and the
analysis of the anharmonicity in the system leads to calculated val-
ues of the thermal conductivity that are in quantitative or semi-
quantitative agreement with the experimental results.
4. Thermal conductivity of polycrystalline MgO and NDZ

The simulations described above were performed on perfect
single crystals. However, few materials are single crystals; none
are completely defect free. To characterize the effects of grain
boundaries, we have determined the thermal conductivity of
model polycrystals of MgO and NDZ. To amplify the interface effect
to the highest degree, we simulate polycrystals with extremely
small grain sizes, in this case only �3 nm. It is possible to extend
this size range into the tens of nanometers range but, due to intrin-
sic computational limitations, it is not possible to extend the range
to the microns and tens of microns grain size, present in typical
ceramic materials.
Fig. 8. One atomic plane in the textured polycrystalline microstruct
Fig. 8 shows the simple model polycrystal used for this study.
This polycrystal is textured with all of the grains being oriented
parallel to the [001] axis in the z-direction (normal to the figure).
For both MgO and NDZ, each of the 24 perfectly hexagonal grains
are filled with perfect crystal with the [100] directions oriented
in almost random orientations with respect to the horizontal
x-axis, with the stipulation that all grain-boundary misorientations
should be >15�, thereby reducing the tendency for grain coales-
cence. The grain boundaries in these polycrystals are thus a reason-
ably random selection of h001i tilt boundaries. Periodic boundary
conditions are applied such that there are no additional interfaces
at the boundaries. The final steps in the generation of the polycrys-
tal are to ensure overall charge neutrality, and to remove the few
ions in the grain boundaries that are too close to each other.

The thermal conductivity is calculated by the same approach as
was used for single crystals: a heat current is imposed on the sys-
tem, which results in a temperature gradient. The effect of system
size is expected to be much less important for such fine-grained
polycrystals because the dominant mechanism should be pho-
non/grain boundary rather than phonon/phonon scattering; in-
deed, simulations on the system shown in Fig. 8 and a system
with the same microstructure and grain size, but twice the length
(formed by simply putting two simulation cell shown in Fig. 8 end
to end), gave thermal conductivity values within 5% of each other,
which is within the statistical errors of the simulations.

We recall that the anharmonicity analysis predicted the thermal
conductivities of the single crystals from simulations would be
overestimates by 2% for MgO, but 62% for NDZ. In predicting the
thermal conductivity of the polycrystalline materials below, we
apply these same anharmonic corrections. In this step, we have
assumed that the thermal expansion and bulk modulus are
essentially microstructure independent. We are aware that this is
not strictly true. However, within the approximation made in
separating the contributions in the polycrystal thermal conducti-
vity from that of grain interior and gain boundary, the accuracy
may not be sufficient to consider more detailed analysis.

As Figs. 9 and 10 show, the calculated thermal conductivities of
the fine-grained polycrystals of MgO and NDZ are considerably
smaller than their single-crystal counterparts. The thermal con-
ductivity for polycrystalline NDZ shows a smaller reduction from
the single-crystal value than does polycrystalline MgO (note the
difference in scales); we attribute this smaller reduction to the al-
ready much smaller mean free path of phonons in NDZ as com-
pared to MgO. Also, for both systems, the effect is considerably
larger at lower temperatures, at which the phonon mean free path
is longer.
x z

y 

ure of MgO used in these simulations. The grain size is �3 nm.
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Using a simple model in which the polycrystal is assumed to be
describable in terms of a volume of bulk with thermal conductivity
(j0) and a volume of grain boundary with interface conductance
(G) (all grain boundaries being assumed to be physically the same),
Yang et al. [33] derived a simple relation for the dependence of the
thermal conductivity, j of a polycrystal on grain size, d:

j ¼ j0=ð1þ j0=GdÞ: ð9Þ

Using Eq. (9), we have extracted estimates for G; the result is shown
in Fig. 11 for both, MgO and NDZ. As for other materials that have
been studied experimentally and/or in simulation, G increases with
temperature, reflecting the enhanced anharmonic coupling of
weakly coupled phonon modes across the interfaces [34].

Because the thermal conductivity and G are in different units, it
is not possible to compare them directly. To make a comparison
possible, lk is defined as j0/G and it is a measure of the length of
perfect crystal that offers the same resistance to heat transport
as the interface, i.e., the larger the value of lk, the larger the thermal
barrier offered by the interface. The temperature dependence of
the Kapitza length lk for MgO and NDZ are shown in Fig. 11. For
MgO, lk � 30 nm at 300 K which decreases to �3 nm at 1473 K.
The effect is less dramatic in NDZ, with lk decreasing from 4 nm
at 300 K to 1.75 nm at 1473 K. These decreases are consistent with
the trends seen previously for UO2 [20] and diamond [35], in both
of which, the temperature dependence of lk decreased with tem-
perature for both materials.

Having determined G, Eq. (9) can now be used to predict the
grain-size dependence of the thermal conductivity. Fig. 12 shows
the calculated grain size dependence of the thermal conductivity
at 300 K and 573 K for MgO and NDZ, normalized to the corre-
sponding single crystal values; thus in both cases, the large grain



P. Shukla et al. / Journal of Nuclear Materials 380 (2008) 1–7 7
size limit is j/j0 = 1. In the absence of any experimental data on
the thermal conductivity of MgO or NDZ as a function of grain size
against which to compare these trends, Fig. 12 includes the exper-
imental results of Yang et al. [33] for yttria-stabilized zirconia
(YSZ). Despite the considerable difference in materials and micro-
structures (textured vs. random polycrystal), the simulation data is
broadly consistent with the experimental data. In particular, the
agreement between the simulation results for NDZ and the exper-
iments for YSZ is remarkably good; this agreement probably arises
from the fact that they are both low thermal conductivity materials
with fluorite-related crystal structures.

5. Discussion

Experimental values for the bulk modulus and thermal expan-
sions of ceramic materials are much more widely available than
are thermal conductivity data. The results of this study and our
previous study on UO2 [20] show that the fidelity of a potential
for quantitatively predicting the thermal conductivity of a material
can be estimated from a comparison of the simulated thermal
expansion coefficient and bulk modulus with experimental values.
Indeed, these results indicate the importance of using the bulk
modulus and thermal expansion coefficient as key fitting parame-
ters for new potentials. While the elastic properties, including the
bulk modulus, have long been included in fitting data for ionic
potentials, the thermal expansion typically has not. The thermal
expansion has traditionally been omitted from the fitting set be-
cause it is a finite temperature property. While such finite temper-
ature properties are typically determined by time-consuming MD
simulations, they can also be determined with some precision
(particularly at low temperatures) in the quasi-harmonic approxi-
mation. Indeed, this capability is available in the widely used Gen-
eral Utility Lattice Program (GULP) [21,22]. The opportunity thus
exists for the development of potentials for oxides with signifi-
cantly improved thermal-transport properties. This simple analysis
of the thermal expansion and thermal conductivity based on the
Grüneisen relation points to a simple approach for predicting the
error in the calculated thermal conductivity. This will be of partic-
ular value for systems in which experimental thermal conductivity
data are not available.

The simulated thermal expansion for MgO was in excellent
agreement with the experiment. With the correction determined
from the anharmonicity analysis, the agreement between experi-
ment and simulation for NDZ was good; however the simulated
thermal conductivity does show a stronger temperature depen-
dence than the experimental values.

The thermal conductivity of MgO and NDZ polycrystals (3 nm)
were also investigated. Using these results, the grain size depen-
dence on thermal conductivity was also analyzed for both the
materials MgO and NDZ. The result from this analysis suggests that
significant degradation of the thermal transport properties in these
materials will only be evident for sub-micron grain sizes. More-
over, the good agreement between the trends in the simulated data
and experimental trends in YSZ indicates that even the very
oversimplified model microstructure used in these simulations
captures the essential of the thermal-transport properties.
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